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Outline

1. A new family of algorithms

Gradient descent as alternating minimization
General method unifies gradient/mirror/natural gradient/Riemannian descent



1. Gradient descent as minimizing movement

]_V (DEFINITION h
Tpi1 = Tp — =V f(z
wi1 = n = 7V F(2a); fis L-smooth if

V2f < L
objective function f: R — R . )

Two steps:
1) majorize: find the tangent parabola (“surrogate”)
2) minimize: minimize the surrogate



Reformulating the majorize step

Family of majorizing functions

Majorize step < y-update:

Yn+1 — arg min ¢(wn7 y)
Yy

Minimize step < z-update:

Znir = argmin (2, yo 1)
T



General cost  voreauss)

Given: X and f: X - R
Choose: Y and ¢(z, y)

£
DEFINITION c-transform /
\_/
[ f°(y) = sup f(z) — c(z,y) ]

reX

DEFINITION
é N

f is c-concave if
f(z) = inf c(z,y) + f*(y)




c-concavity is smoothness

DEFINITION
4 )

f is c-concave if
f(z) = inf ez, y) + F*(y)

— >x
Example f is c-concave
c(z,y) = 3llz —yl*
fiscconcave < V?f < Ll;.g4
f

S~

inf f(z) = inf c(z,y) + £°(y) f is not c-concave

X



Gradient descent with a general cost
(FL-PCAF '23)

“majorize” Ynr1 = argminc(z,,y) + f¢(y) /
yeY '
winimize” Tnt1l = arger)rflin C(CB, yn+1) + fc(yn+1) \\/;
—— >X
xml X

—ch($n,yn+1) — _Vf(wn)
_ch(xna yn+1) — —Vf($n) ]I

ch aj’n, ’rJIN — 0
(Tpi1yYni1) Yn+1 = c-exp, (—V f(z,))



Some examples

c(z,y) = g(w) —u(y) — (Vu(y),x —y) —> mirror descent

7
~~

= u(z|y)

Vu(x,i1) — Vu(z,) = -V f(z,)

c(z,y) = u(y|z) — natural gradient descent

L1 — T = —Vu(z,) 'V F(z,)

c(z,y) = £d3;(z,y) — Riemannian gradient descent

P = exp,, (~ 1 V£ (1)

Newton



2. Convergence theory

Generalized smoothness and convexity
Optimal transport theory — local characterizations



2. Cross-convexity

Cross-difference:  d.(z',y'sz,y) = [c(z,y') + c(z',y)] — [e(z,y) + c(2', )]

—Vmc($n,yn—|—l) — —Vf($n)

ch(mn, yn) =0

DEFINITION

7

f is A-strongly c-cross-convex if for all z, z,,,
f(él?‘) Z f(wn) =+ 5c(w7yn; wnayn+1) + )\(C(wayn) T C(wnayn))‘

Example: c(z,y) = Lz — y||?

F(@) 2 F@n) + (VF () — 2a) + o 2 —

10



Convergence rates

If fis c-concave and c-cross-convex then

f(z,) < f(z) + c(z,y0) — C(wo,yo).

If fis A-strongly c-cross-convex with 0 < A < 1, then

f(zn) < fx) + )\(c(x,yj(;i—_cl(:co,yo)),

where A := (1 — )71 > 1.

Proof.

(“Fenchel-Young inequality”)

f(wn+1) < C(wn—kla yn+1) + fc(yn—i—l)
f(xn) — C(mna yn—i—l) + fc(yn—i—l)

(c-concavity)

} — f(wn+1) S f(mn) - [C(wnayn+1) - C(mn+17yn+1)]

f(z,) < f(x) + c(z,yn) — c(z, Ynt1) f(xp) < f(z) + [e(z,y,) — c(Tn, Yn)]
=

(cross-convexity) —|—C($na yn+1) — C(wn) yn) —[C(CL‘, yn+1) o C(wn+17 yn—l—ﬂ)]



The Kim-McCann geometry

/__‘—j >
) P = " ‘ ) WG}'II%/EV) //XxY e, y) m{d, dy)
2 Y
— ~
oc(z',y's2,y) =
xl 7/
3’\ f; e(z,y) + c(@',y)] = [e(z,y) + c(z', Y]
X

Y Y
be(@+ &y +may) = —Vaye(@,y)(€n) + o€ + [nl)

Vs

Kim—McCann metric (’10)

= Kim-McCann geodesics
= Kim-McCann curvature: cross-curvature 1o



Cross-curvature

DEFINITION (Ma-Trudinger-Wang '05)

7

The cross-curvature or Ma-Trudinger-Wang tensor is

S.(&,m) = (CikEcgtCth — Cijkz)ﬁinjﬁknf

B 0%c
Ci; = Geiog

S. >0 < c(z(t),y) — c(z(t),y') convex in ¢

for any Kim-McCann geodesic t + (z(t), y)

13



A local criteria for cross-convexity

Suppose that ¢ has nonnegative cross-curvature.

Suppose that for all z € X, there exists g € Y satisfying
—V.c(Z,9) = =V f(z) and such that
V2f(z) < Viee(,9).

Then f is c-concave.

Let A > 0. Suppose that

t— f(z(t)) — Ae(x(t), 9)
Is convex on every Kim-McCann geodesic t — (x(t), )
satisfying V,c(z(0),y) = 0. Then f is A-strongly c-cross-convex.

14



1. A new family of algorithms

Gradient descent as alternating minimization
General method unifies gradient/mirror/natural gradient/Riemannian descent

2. Convergence theory

Generalized smoothness and convexity
Optimal transport theory — local characterizations

3. Applications

Global rates for Newton
Explicit vs. implicit Riemannian gradient descent

15



Global rates for Newton's method

c(z,y) = u(y|lx) — Natural gradient descent:

Ln+l — Tn = —V2U($n)_1Vf(wn)

If
Vgu(vzu_lvfa T _) < sz < Vzu + V3u(vzu_lvf7 T _)
then

Fen) < f(z) + 20D

n

Newton's method: new global convergence rate.
New condition on f similar but different from self-concordance

16



Explicit vs. implicit Riemannian

. _ 1 g2
mlgérﬂ%lze f(x) c(z,y) = TTdM(xay)

da Cruz Neto, de Lima, Oliveira '98

1. Explicit: 2, = €exXp,. ( — va(fvn)) Bento, Ferreira, Melo 17
R > 0: (smoothness and) V2f > 0 gives O(1/n) convergence

rates
R < 0: ? (nonlocal condition)

2. Implicit: z,,; = argmin, f(z) + 5-d*(z,z,)
R < 0: V2f > 0 gives O(1/n) convergence rates

R > 0:if 6. > 0 then convexity of f on Kim-McCann
geodesics gives O(1/n) convergence rates

Wasserstein gradient flows, generalized geodesics (Ambrosio-Gigli-Savaré '05) 17



Thank youl!



